Abstract. It is shown that given an essentially normal operator T with connected spectrum, there exists a compact operator K such that T +K is strongly irreducible.
Introduction
Let L(H) denote the algebra of all bounded linear operators acting on a complex, separable, infinite dimensional Hilbert space H. An operator T ∈ L(H) is said to be strongly irreducible if it does not commute with any nontrivial idempotent [10] , [15] . The strong irreducibility is invariant under similarity. Chun-lan Jiang and Zong-yao Wang proved that for each operator T with connected spectrum σ(T ), there exists a strongly irreducible operator A and a sequence {X n } of invertible operators such that ||X n AX −1 n − T || → 0 (n → ∞) [13] . This result strengthened the following result of D. A. Herrero and Chun-lan Jiang: The norm closure of the set of strongly irreducible operators = the set of the operators with connected spectra.
An operator T ∈ L(H) is irreducible if it does not commute with any nontrivial orthogonal projection. P. R. Halmos proved that for each T ∈ L(H) and > 0, there exists a K compact with ||K|| < such that T + K is irreducible [11] . It is obvious that if σ(T ) is not connected, then for each K compact, T + K is still strongly reducible. Thus D. A. Herrero asked the following questions in personal communications:
1. Given T ∈ L(H) with connected σ(T ), does there exist a compact operator K such that T + K is strongly irreducible? 2. Given an essentially normal operator T with connected σ(T ), does there exist a compact operator K such that T + K is strongly irreducible? An operator T is essentially normal if T * T − T T * is compact, where T * denotes the dual of T . This article proves that the second question has an affirmative answer.
Main Theorem.
Given an essentially normal operator T with connected spectrum, there exists a compact operator K such that T + K is strongly irreducible. Proof. Assume that e 1 ∈ ker(A − λ 0 ) and ||e 1 || = 1. Let B be the right inverse of A−λ 0 . Since ker B k = {0} (k = 1, 2, · · · ) and e 1 / ∈ ran B, {e 1 , Be 1 , B 2 e 1 , · · · } is linearly independent.
Since B be the Gram-Schmidt orthonormalization of
. Then A has an upper triangular matrix representation
. Note that A − λ 0 is bounded from below; thus there exists r > 0 such that
⊥ . Set 
Similarly,
The same argument shows that x ij = 0 (j − i ≥ 2), i.e. X = 0 and ker τ A1A2 = {0}.
Define
k=1 satisfy the requirements of the lemma. 
Proof. Set
. . .
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From the proof of Lemma 2.3,
. By the same arguments we can prove the conclusion for k = 3, · · · , n. Lemma 2.5. Let A 1 ∈ B 1 (Ω) and let n be a natural number, > 0; then there existĀ(Ω) ∈ (SI), K, Q(Ω) compact with ||K|| < and ||Q(Ω)|| < such that
and ker τ A1,Ā(Ω) = {0}.
Proof. Assume that A 2 , · · · , A n are given in Lemma 2.3 such that 
Thus it is obvious that K is compact with ||K|| < . Suppose that P ∈ A (Ā(Ω)) is an idempotent and
Then PĀ(Ω) =Ā(Ω)P implies that
Since ker τ A2An = {0}, P 2n = 0. By the same argument we can prove
, where δ i = 0 or 1 and I is the identity of H. Assume that δ n = 0 (if δ n = 1, consider
Set
where U is an unitary. Assume that subsequence
Let K ∈ L(H) be defined by K e n = λ n e n , where 
is an ONB of H. Then K is compact with ||K|| < and K / ∈ ranτ AA * .
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Proof. If AX − XA * = K for some X ∈ L(H) and assuming that
Lemma 2.8. Given a domain Ω, there exists an essentially normal and co-subnormal operator N such that for each > 0, there is K compact with ||K|| < satisfying
be a dense subset of σ and let {H n } ∞ n=1 be a sequence of Hilbert spaces and {e
(k = 1, 2, · · · ) and S n = µ n I n + A n , where I n is the identity on H n (n = 1, 2, · · · ). From a result of M. Cowen and R. G. Douglas [6] , there is an analytic function f : Ω 1 → H 0 such that f (λ) = 0 and
Then A(Ω) = N + K, where
is essentially normal and co-subnormal and
is compact with ||K|| < .
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Set {x(λ) : λ ∈ Ω} = H and assume that l n=0 y n ∈ H ⊥ , where y n ∈ H n and y n =
Given a compact subset σ of C, consider the Sobolev space 
is a regular Banach algebra with identity under pointwise multiplication and an equivalent norm whose maximal ideal space can be naturally identified with D via "point evaluations".
Consider the subalgebra Proof. Choose two sets {λ 
where U is an unitary, Uf i = e i (i = 1, 2, · · · ).
Define D e k = a k e k where
then D is compact with ||D || < .
If AX − XB = D for some X, then calculations show that X admits an upper triangular matrix with respect to
. If the function a(µ) takes two values 1 and 0 on a σ * n , then there is a sequence
and a(h 0 ) = 0, consider the idempotent I 1 − P , where I 1 is the identity on H 1 ). 
. Suppose that σ n ∩ ∂Ω = 0 and a(μ) = 1 (µ ∈ σ n ). Also, suppose that µ
. This contradiction implies that a(µ)| σ * = 0. Same arguments work in the case that P satisfies BP X − P XA = P D for some X ∈ L(H, H 1 ).
The proof of the Main Theorem
Let T be an essentially normal operator with connected spectrum. The spectral picture of T is determined by the sets
where Ω 1i , Ω 2i , Ω 3i are connected components. Choose l∈Λ4 σ l ⊂ σ, where σ l is a connected compact set consisting of more than one point, σ l ∩ σ l = ∅ (l = l ) and for each l, there exists at least one
) (Lemma 2.8) with respect to Ω 1i and, respectively, Ω * 1i (i ∈ Λ 1 ) and let the norm of the compact operator K (in Lemma 2.8) be so small that i∈Λ1 A(Ω 1i ) and i∈Λ1 A(Ω * 1i ) are sums of an essentially normal and co-subnormal operator and a compact operator.
. For each domain Ω 2j , according to Lemma 2.5 and Lemma 2.8 construct operator A(Ω 2j ) ∈ B 1 (Ω 2j ) and compact operator Q(Ω 2j ). Let
Using Lemma 2.8 construct operator
∈ τĀ (Ω2j )A(Ω2j ) and ker τ A(Ω2j )Ā(Ω2j ) = {0} and the norm of Q(Ω 2j ) is so small that Q(Ω 2j ) is compact. Let the norm of the compact operator K in Lemma 2.8 and Lemma 2.5 be so small that j∈Λ2 A(Ω 2j ) and Ā (Ω 2j ) are sums of an essentially normal co-subnormal operator and a compact operator.
For each domain Ω 3k , according to Lemma 2.8 construct operators A(Ω 3k ) ∈ B 1 (Ω 3k ) and A(Ω * 3k ) ∈ B 1 (Ω * 3k ). Let n k =ind(T − λ) for λ ∈ Ω 3k . Using Lemma 2.5 and Lemma 2.8, construct operatorsĀ(Ω *
) is compact. Let the norm of the compact operator K in Lemma 2.5 and Lemma 2.8 is so small that k∈Λ3 A(Ω 3k ), k∈Λ3 A(Ω * 3k ) and Ā (Ω * 3k ) are sums of an essentially normal co-subnormal operator and a compact operator.
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The first step: Rearrange
and 
where
k are compact and the norms of them are so small that D 1 , D 2 are compact (Lemma 2.10).
Suppose that P ∈ A (G) is an idempotent and
Then P 31 = 0, P 21 = 0 and P 32 = 0 by Lemma 2.1. Since A k ∈ (SI) and A a k ∈ (SI) (k = 1, 2, · · · ), from Lemma 2.1, 
is connected, one of Σ 1 and Σ 2 must be empty. Thus one of Γ 1 and Γ 2 must be empty and a(μ) ≡ 0 or 1 (µ ∈ σ), i.e. P 22 = δ 2 I 2 , δ 2 = 0 or 1, where I 2 is the identity operator on H 2 . . . .
Using Lemma 2.10 with respect to the idempotents (δ
i.e. P = 0 or I, where I is the identity operator on
The second step: Recovery of the positive indices.
Rearrange and reexpress {Ā(
, and .
Then E 41 = 0 and E 31 = 0, since Lemma 2. Set B k = λ k + B k ∈ L(R k ) and B = B k ∈ L(H 6 ), where Rearrange {C(Ω 1i ) (i ∈ Λ 1 ), C(Ω 3k ) (k ∈ Λ 3 )} = {C k } l k=1 . Set C = C k on H 7 , where
− .
